We theoretically investigate nonlinear localized excitations in a Heisenberg honeycomb ferromagnet with a second neighbour Dzialozinskii-Moriya interaction, which has been proved to possess the topological band structure. Using the time-dependent variational principle, we obtain the equation of motion for the system in the Glauber coherent-state representation. By means of the semidiscrete multiple-scale method, different types of nonlinear localized excitations are gotten. Our results show that both two-dimensional discrete breathers and bulk gap solitons may occur in the Heisenberg honeycomb ferromagnet. ij    is an orientation-dependent parameter in analogy with the Kane-Mele model [2]. Actually, the next-nearest neighbor DM interaction is equivalent to the spin-orbit coupling, which can destroy the inversion symmetry of the honeycomb lattice [18]. The coupling to an external magnetic field aligned with the z axis can be introduced via a Zeeman term, namely, ext , , , , z B z i i Az Bz B z mn B z mn m n m n J S dt iDS J J J J J J J d i J S dt iDS J J J J J J J
Introduction
As is well known, the graphene is a two-dimensional (2D) single-layer periodic carbon material with a honeycomb lattice structure [1] . One of the main properties of a monolayer graphene is that two disparate energy bands can get close to each other at Dirac points. The honeycomb crystal structure of the graphene can cause some very important phenomena about the electronic transport properties of this 2D material. Especially, Kane and Mele [2] have found that the monolayer graphene with spin-orbit coupling can reveal a nontrivial topological band structure containing a energy gap at the Dirac points, which can lead to the quantum Hall effect linked to topologically protected edge electron states. In general, the idea of topological energy band structure does not depend on the statistical property of the quasiparticles so that it can be expanded to bosonic systems such as photons [3] , phonons [4] , and magnons [5] .
In the past few years, the topological nature of magnons in ordered magnets has attracted more and more attention from physicists and mathematicians. The Heisenberg ferromagnet on the honeycomb lattice is of particular interest since its magnon bulk bands can reveal six Dirac points at the corners of the first Brillouin zone [6] . Furthermore, it has been shown that the corresponding Bogoliubov Hamiltonian in the vicinity of the Dirac points can realize a massless 2D Dirac-like Hamiltonian, which possesses a time-reversal symmetry. Owerre [7] has found that a gap can form at the Dirac points by introducing a second neighbour Dzyaloshinskii-Moriya (DM) interaction, which destroys the inversion symmetry of the honeycomb lattice and the time-reversal symmetry of the Bogoliubov Hamiltonian. By this simply way, he has theoretically realized the honeycomb topological magnon insulator with nontrivial edge states for the first time. Inspired by Owerre's work, Pantaleón and Xian have analytically investigated the properties of magnon edge states in a semi-infinite ferromagnetic honeycomb lattice with the second neighbour DM interaction [8] [9] [10] . In their works, zigzag boundary, bearded boundary, and armchair boundary have been considered, respectively. Their results have showed that the energy spectra of the magnon edge states become tunable when an on-site anisotropy of the outermost sites is introduced. In fact, except for the DM interaction, the spin-anisotropic interaction (i.e., the Kitaev interaction [11] ) can also open a gap between two magnon bands for the honeycomb ferromagnet. Particularly, several researchers have displayed that the ferromagnetic Kitaev-Heisenberg model (without the DM interaction) on the honeycomb lattice can also support topologically protected magnon edge states [12, 13] .
It is important to mention that both the spin-spin exchange interaction and the DM interaction of the honeycomb spin lattice are intrinsically nonlinear. However, a majority of works on topological excitations theoretical works have only focused on the linear region. Until very recently, Elyasi et al. [14] have numerically studied the existence and properties of self-consistent solitons in a ferromagnetic Heisenberg honeycomb lattice with the topologically nontrivial band gap. Some new results have been obtained. For example, by calculating the bulk soliton generation phase diagram, they have suggested that phase boundaries between bulk solitons with trivial and nontrivial topological properties may exist. They work opens a new research direction, namely, nonlinear localized excitations in honeycomb ferromagnets with the topological band structure.
In our work, we will present an analytical study on nonlinear excitations in a topological ferromagnetic Heisenberg honeycomb lattice with a second neighbour Dzialozinskii-Moriya interaction in the semiclassical limit. Our aim is to seek for analytical forms of those nonlinear localized excitations in the Heisenberg honeycomb ferromagnet and ascertain their existence conditions and characteristics. In Section 2, starting from the Hamiltonian of the ferromagnetic Heisenberg honeycomb spin lattice mode, the bosonized form for the honeycomb ferromagnetic spin lattice model Hamiltonian shall be gotten via taking advantage of the Dyson-Maleev transformation. In Glauber's coherent-state representation, the equation of motion for the coherent amplitude is derived by the use of the time-dependent variational principle. In Section 3, the envelope function of the coherent state amplitude is obtained by employing the semidiscrete multiple-scale method. In Section 4, both the Brillouin zone center modes and nonlinear excitations near the Dirac points are analytically studied. The whole work is summarised and conclusions drawn in the last section. We begin by considering the sides of the two-dimensional honeycomb lattice, which lies on a subset of one underlying rectangular lattice. Referring to Rf. [ Fig. 1 , the color solid circles represent the sites reserved in the two-dimensional honeycomb lattice that follow these relations, and the black open circles exhibit all the rest of sites in the rectangular grid. In this work, we focus on a Heisenberg ferromagnet lying on this honeycomb lattice, which includes the nearest neighbor Heisenberg spin-spin and the next nearest neighbor DM interactions in the presence of an external magnetic field. Note that the present honeycomb ferromagnetic lattice contains two different arrangements consisting of three nearest neighbour sites, as displayed in figure 2 . From figure 2, we can clearly see that each site is linked to three sites in different arrangements. 
The ferromagnetic honeycomb lattice model and equation of motion
The DM interaction [16, 17] [19, 20] for the two sublattices A and B, which reads
(similarly for B spins). Here, the Glauber coherent-state [21] shall be chosen as a basic representation so as to describe the components of the state vector of the magnon system. In the Glauber coherent-state representation, the state vector ( ) t  can be written as follows:
where coherent-state amplitudes  and  satisfy 
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What is more, the equation of motion corresponding to the B sites in arrangement 2 has the following , 2, 1, 1 1, 1 0 , 
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It should be mentioned that both the discreteness and nonlinearity of the present honeycomb ferromagnet have been completely included in Eqs. (7) and (8).
Asymptotic analysis and nonlinear amplitude equation
Since in general it is impossible to get the exact solution to nonlinear lattice equations of motion like Eqs. (7) and (8), we shall look for an approximate analytical solution to the Eqs. (7) and (8) by means of the semidiscrete multiple-scale method. In 1986, Remoissenet [23] proposed this method to investigate soliton solutions in one dimensional nonlinear lattices. Later, it has been extended by Wattis to a higher dimensional nonlinear lattices [15, [24] [25] [26] . According to Wattis's procedure, the first step is to rescale the current variables m , n and t by introducing the following variables
where 1   stands for the relative amplitude of the nonlinear excitation, and the spatial variables x , y can be viewed as continuous variables in the following text.
Mathematically, different ansatzes for the A and B sites, hence we analyze each sublattice individually with Eqs. (7) and (8) . For A sites, we look for solutions of the form 2 2 , 0 1 2 
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It is should be mentioned that, in Eqs. (10) and (11), f , l g , l h , p , l q and l r ( 0,1, 2,3 l  ) are all functions of those slow variables ,i.e., x , y ,  , and T . If the ansatzes (10) and (11) 0, Considering the terms at 2 2 ( ) i e    , we can get
According to our asymptotic scheme of substituting Eqs. (10) and (11) into the equations of motion (7) and (8) 
Because normals to these directions have the following forms opt * ac ac
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The Note that at the Dirac points, where 0   , ac u , opt u , ac v , and opt v are equal to zero. Therefore, we have 0 c  at the Dirac points, as displayed in Fig. 5(b) . In the previous calculation, the existence condition on solutions for the RHS of Eq. (20) has been obtained. However, we still do not know the quantities 1 g and 1 q .
Since the solution to Eq. (20) is in fact degenerate, the corresponding one-parameter family of solutions may has the following form 
The above equation can be rewritten into 1ˆẑ w g iuf ivf   , where û and v are respectively given by
, one can get the following equation When Eqs. (10) and (11) are substituted into the equations of motion (7) and (8) 
 and making use of p Cf  , one can get a single partial differential equation on f , which has the following form 
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It is obvious that Eq. (36) is a 2D nonlinear Schrödinger (NLS) equation. With the exception of k at the Dirac points, 1 P , 2 P , and 3 P also meet the following
which has been verified by the use of Mathematica. By means of the Hirota bilinear method [28] , the bright and dark (one) soliton solutions of Eq. (36) can be easily obtained.
To construct bright soliton solution of the 2D NLS (36), we employ the following variable transformation ( , , ) ( , , ) ( , , )
where ( , , ) G T z w is a complex differentiable function and ( , , ) F T z w is a real differentiable function with respect to T , z , and w . With Eq. (39), the 2D NLS (36) can be recast into the following bilinear equation Next, to construct dark soliton solution of the 2D NLS (36), the bilinear equations (40) should be changed into the following form
Here,  is a constant, which can be confirmed in the following calculation.
Mathematically, to obatin the dark soliton solution, one may assume the following expressions 
where  and 2 b are the real constants.
Nonlinear localized excitations
From Eq. (36), one can see clearly that the envelope function f obeys the 2d NLS equation. The responding birght and dark solition solutions have been constructed exactly via the Hirota bilinear method. In this section, we shall apply these solition solution to obtain the analytical forms of nonlinear localized excitations for two types of special wave vectors: (i) 0 k   ,(ii) k  near the Dirac points.
A. The Brillouin zone center modes
In general, nonlinear localized modes at the Brillouin zone center(i.e., 0 k   )
can be known as the Brillouin zone center modes. Here, considering that the magnon frequency spectrum of the present model contains two branches, we need to analyze the acoustic mode and optical mode at the Brillouin zone center, respectively.
For the acoustic mode at the Brillouin zone center, we have 1,ac )for the 2D discrete breather, whose the spatially localized structure can stay the same. 49) is a 2D discrete breather with a dark localized structure, as shown in Fig. 7 . The vibration frequency of the dark discrete breather is within the magnon optical frequency band, hence it is a resonant mode. Physically, the resonant dark discrete breather mode is in resonance with the magnon frequency spectrum so that it has the finite lifetime in real ferromagnetic materials [29] . is the same with this figure. Since the localized structure of the 2D dark discrete breather remains unchanged, the plots are the same for all t . The netic sical f the thod. ough similar ways. Starting from the nonlinear amplitude equations given in Eq. (36), the existence conditions and properties for the Brillouin zone center modes and nonlinear excitations near the Dirac points have been analyzed, respectively. We have found that, at the Brillouin zone center, a 2D bright discrete breather appears below the bottom of the optical branch and a resonant 2D dark discrete breather appears within the acoustic branch. Furthermore, our results show that bulk gap solitons are possible for the optical or acoustic mode near the Dirac points.
B. Nonlinear excitations in the vicinity of the Dirac points
